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Abstract
We investigate known exact solutions of hydrodynamics and derive analytic formulas for the polariza-
tion of baryons produced at freeze-out. Such polarization (observed in high energy heavy-ion experiments)
carries information on the time evolution of the quark-gluon plasma (sQGP), and our results give first
analytic insight into the connection between this type of measurements and dynamical properties of the
sQGP (e.g. vorticity). We present results for a rotating and acceleratingly expanding solution and also give
hints on how to calculate the polarization using a rotating extension of the Buda–Lund parameterization.
1 Introduction
Observation of net polarization of Λ baryons in high energy heavy-ion collisions by the STAR experiment [1]
fall in line with expectations predicting such polarization if local thermal equilibrium is assumed also for spin
degrees of freedom [2]. The main interest in this topic is because by measuring such polarization an insight is
gained into the details of the expansion dynamics of the strongly interacting Quark-Gluon Plasma (sQGP).
As an example, non-vanishing polarization may be a consequence of rotating expansion of the sQGP, and the
time evolution of this rotation is in connection to the Equation of State (EoS) of the sQPG.
Numerical model studies of polarization [3–6] indeed predict non-zero polarization and connect this quan-
tity to properties (e.g. vorticity) of the flow. However, numerical simulations by their nature do not always
give a clear picture of the dependence of final state observables on assumptions made on the initial state.
In the work presented here [7] we set out to give analytic formulas for the polarization of massive spin
1/2 particles, based on the simple formula written up in Ref. [2] under the assumption of local thermal
equilibrium. This type of investigations can lead to a straightforward connection between properties of the
flow and experimentally observable quantities (in our case polarization). We utilize known exact analytic
solutions of perfect fluid hydrodynamics that grab some aspects of the real geometry of a heavy-ion collision.
In the following we briefly present the calculations leading to results about polarization and illustrate the
main findings. Additional details are to be found in Ref. [7].
2 Basic equations and assumptions
In phenomenological modelling of final state observables, the source function f(x, p) that describes the dis-
tribution of particles produced in the hadronization process can be calculated from a thermal ensemble that
corresponds to the final state of the hydrodynamical evolution of the sQGP. For spin 1/2 particles, f(x, p) is
a locally thermal Fermi–Dirac distribution. In Ref. [2] the following formula is established for the spin vector
of locally thermally equilibrated fermions:
〈S(p)〉µ =
∫
d3Σνp
νf(x, p)〈S(x, p)〉µ∫
d3Σνpνf(x, p)
, 〈S(x, p)〉µ = 1
8m
(
1−f(x, p))εµνρσpσ∂νβρ. (1)
Here 〈S(x, p)〉µ is the space-time and momentum dependent spin vector of the produced particles, which
is averaged over the freeze-out with the f(x, p) distribution to get the observable (momentum dependent)
polarization 〈S(p)〉µ. Other notations are: pµ≡(E,p) and m are the momentum and the mass of the particle
(with E2=m2+p2 and c=1). T (x), uµ(x), and µ(x) are the temperature, four-velocity, and chemical potential
fields of the fluid, respectively. We also customarily introduced the inverse temperature field as βµ ≡ uµ/T .
Numerical calculations evaluate these formulas while solving the equations of hydrodynamics at the same
time. On the other hand, we can take known exact solutions and directly evaluate the formula for 〈S(p)〉µ
given above. As a proof of concept, we first investigate the case of spherically symmetric Hubble flow described
in Ref. [8]. We calculate 〈S(p)〉µ in an exact accelerating and rotating relativistic solution [9, 10]). As an
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outlook we take a glance at the Buda–Lund model (see e.g. Ref. [12]): we write up a rotating generalization
and specify some formulas for the polarization in this model case.
We evaluate the polarization from Eq. (1) for a given βµ field, which is specified by a particular hydro-
dynamical solution. In the expression for S(x, p), Eq. (1), we made the f  1 assumption (corresponding to
the Maxwell-Boltzmann limiting case, which is usually assumed for calculations of final state observables).
Also, in our calculations we used the saddle-point integration method; with this approximation the space-time
averaged observable polarization vector becomes simply
〈S(x, p)〉µ = 1
8m
εµνρσpσ∂νβρ ⇒ 〈S(p)〉µ ≈ 1
8m
εµνρσpσ∂νβρ
∣∣∣
r=R0
, (2)
where R0 is the position of the saddle point (the point of maximum emittivity), which depends on p. So to
get analytic formulas for the polarization for a given βµ(x) field and freeze-out condition, one has to express
R0 as a function of particle momentum p and evaluate the 〈S(x, p)〉µ at this position. As usual in heavy-ion
phenomenology, we also neglect the µ/T (fugacity) factor in the expression of the source function:
f(xµ, pµ) =
g
(2pi~)d
exp
(−pµβµ), where again: βµ = uµ
T
. (3)
Below we consider two exact solutions of relativistic perfect fluid hydrodynamics and outline the calculation
of the polarization of produced spin 1/2 baryons in these models, using the methods and approximations
described above. For a more detailed discussion see Ref. [7]; here we summarize the main steps.
3 Polarization in exact analytic hydrodynamical solutions
One of the solutions considered is a simple spherically symmetric special case of the (more general, ellipsoidal)
Hubble-type solution (presented in its fullest form in Ref. [8]), which is characterized by the following velocity
(uµ), temperature (T ) and density (n) profiles:
uµ =
xµ
τ
, n = n0
(τ0
τ
)d
, T = T0
(τ0
τ
)d/κ
. (4)
Here d = 3 is the dimensionality of space, and as usual, we use τ =
√
t2 − r2, and κ = 1/c2s is the inverse
square of the speed of sound, assumed to be constant (this constant appears in the Equation of State as ε/p).
The freeze-out is assumed to happen on a constant τ = τ0 hypersurface. The Cooper-Frye prefactor for
this assumption (at a given point on the hypersurface whose spatial coordinate is r) turns out to be
t(r) ≡
√
τ20+r
2 ⇒ d3Σµ = 1
t(r)
(
t(r)
r
)
d3r. (5)
In the case of the spherically symmetric Hubble flow, the temperature takes a constant value on the freeze-out
hypersurface (denoted here by T0), and the position of the point of maximum emittivity R0 as well as the
∂νβρ derivative (a necessary ingredient in Eq. (2) for the calculation of the polarization) can be calculated as
pµβµ =
Et(r)−pr
T0
⇒ R0 = τ0
m
p, ∂νβρ =
gνρ√
τ20+r
2T0
+
rνrρ
(τ20+r
2)3/2T0
. (6)
With some simplifications, one can verify that both the time and spatial components of the resulting polar-
izaton four-vector are zero:
〈S(p)〉0 = 1
8mT0
ε0iklpl∂iβk
∣∣∣∣
r=R0
=
1
8mT0
εiklpl
(
gik√
τ20+r
2T0
+
rirk
(τ20+r
2)3/2T0
)∣∣∣∣
r=R0
= . . . = 0, (7)
〈S(p)〉i = 1
8mT0
(
εiklpl∂kβ0 − εiklpl∂0βk − εiklp0∂kβl
)∣∣∣∣
r=R0
= . . . = 0. (8)
In conclusion, the polarization four-vector in the spherical symmetric self-similar flow is
〈S(p)〉µ =
(
0
0
)
, (9)
which is consistent with our expectations, since this solution is totally spherically symmetric.
2
A more realistic (and for our goals, more interesting) solution to be studied is a rotating and accelerating
expanding solution, first written up in Ref. [9]:
v =
2tr+τ20Ω×r
t2+r2+ρ20
, T =
T0τ
2
0√
(t2−r2+ρ20)2+4ρ20r2−τ40 (Ω×r)2
, n = n0
(
T
T0
)3
. (10)
Here the ρ0 parameter characterizes the initial spatial extent of the system. The T0 and τ0 (the freeze-out
values) are included for the sake of consistency of physical units, and Ω is an angular velocity three-vector
indicating the axis and magnitude of rotation. We write up the βµ field as follows:
βµ =
uµ
T
= aµ+Fµνxν+(x
νbν)x
µ−x
νxν
2
bµ, (11)
with aµ =
ρ20
2T0τ20
(
1
0
)
, bµ =
1
T0τ20
(
1
0
)
, F0k =Fk0 =F00 = 0, Fkl = εklm
Ωm
2T0
. (12)
We need to find the saddle point R0; the result is:
pµβ
µ =
1
T0τ20
(
E(2r2+τ20+ρ
2
0)− 2
√
τ20+r
2rp− τ20 r(p×Ω)
)
, ∇
{
pµβ
µ
}∣∣∣
r=R0
!
= 0 ⇒
⇒ R0 = τ0
2p
√
E−m
2m
√
τ20 (pˆ×Ω)2(E−m)2 + 4p2 · pˆ + τ20
E−m
2p
· pˆ×Ω, with pˆ := p|p| . (13)
The βµ field from Eq. (11) is thus used for the calculation of the polarization following Eq. (2) as
∂νβρ = Fρν+x
αbαgνρ+xρbν−xνbρ ⇒ 〈S(p)〉µ = 1
8m
εµνρσpσ
(
Fρν+xρbν−xνbρ
)∣∣∣
r=R0
. (14)
Evaluating this by substituting the expressions of Fµν and bµ, and collecting the time-like and space-like
components carefully, we finally get the following concise result for the polarization four-vector in the case of
the rotating and accelerating solution:
〈S(p)〉µ = 1
8mT0
(
pΩ
mΩ + E−mp2 (Ωp)p
)
. (15)
In case of Ω = 0, there is no rotation. Indeed we get 〈S(p)〉µ=0 in this case: in this model, polarization is
very transparently connected to the presence of rotation.
Transforming the polarization vector into the rest frame (“r.f.”) of the particle, the result is
〈S(p)〉µr.f. =
(
0
Sr.f.
)
, where Sr.f. =
1
8T0
Ω. (16)
In this case it thus turns out that the polarization in the rest frame of the particle is independent of momentum.
The helicity of the produced particles in this case is (the S polarization vector is taken in the laboratory frame)
H := pˆS =
E
8mT0
pˆΩ. (17)
Fig. 1 illustrates these results (in the same way as it became somewhat customary for numerical simulations):
we plot specific components of the polarization vector in the laboratory frame as a function of momentum
components, in the pz = 0 transverse plane.
Figure 1: Components of the polarization vector for the rotating and accelerating solution according to Eq. (15).
The mass m is taken as m=mΛ=1115 MeV/c2, and a realistic |Ω| = 0.1 c/fm value was chosen for this illustration.
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* * *
Having seen that it is indeed possible to obtain simple analytic formulas for the polarization in simple exact
hydrodynamical solutions (although not fully realistic ones), we turn our attention to a logical next step of
this line of investigation. We consider the Buda–Lund model [11, 12]: a more involved hydrodynamical final
state parametrization that is successful in describing usual one-particle and two-particle observables (soft
spectra and correlations). We present some first formulas on how to calculate the polarization in this model;
this investigation can also unveil the dependence of the polarization on other factors beyond rotation (such
as temperature gradient and/or the acceleration of the expansion).
We write up a simple rotating generalization of the ellipsoidal Buda–Lund model as
uµ =
(√
1 + u2
u
)
, where u =

X˙(t)
X(t)rx + ω(t)
R(t)
Z(t)rz
Y˙ (t)
Y (t)ry
Z˙(t)
Z(t)rz − ω(t)R(t)X(t)rx
 , and R(t) ≡ X(t)+Z(t)2 . (18)
Here ω is the newly introduced angular velocity, and the X, Y , Z and X˙, Y˙ , Z˙ parameters correspond to the
principal axes and expansion velocity components of the ellipsoid-like source. The temperature field is
1
T
=
1+a2A
T0
(
1 + α2
(τ−τ0)2
2(∆τ)2
)
, with a2 ≡ T0−Ts
Ts
, α2 ≡ T0−Te
Te
, A =
r2x
2X2
+
r2y
2Y 2
+
r2z
2Z2
. (19)
The τ0 proper-time value corresponds to the freeze-out hypersurface (with „width” ∆τ0). The temperature
values T0, Ts and Te are the values taken at the center of the ellipsoid, on the „surface” of it, and the value
after freeze-out, respectively. In this way, the a2 parameter controls the temperature gradient. The A function
is called scaling variable; its constant values are coordinate-space ellipsoids.
The polarization can be calculated according to Eq. (2) as
〈S(p)〉0 = − 1
8m
εklmpm∂kβl = − 1
8m
p (∇× β) , (20)
〈S(p)〉k = 1
8m
(
(∂0β)× p
)
k
− 1
8m
(∇β0 × p)k − p0
8m
(∇× β)k. (21)
With a Lorentz boost we can express the polarization in the local rest frame of the produced particles:
Sr.f. =
1
8m
{
(∂0β −∇β0)× p− E(∇× β) + E−m
p2
(p(∇× β))p
}
. (22)
In order to find the saddle point, one is led to a nonlinear system of algebraic equations; these can be solved
either numerically or by successive approximation. One then substitutes the resulting expression into the
above formulas. Some very preliminary results from this investigation are shown on Fig. 2. We plot the
Sz component with respect to the momentum components (again for pz = 0) for a given angular velocity
ω = 0.1 c/fm, for three different a2 values.
Figure 2: Sz component of the polarization vector from the rotating Buda–Lund model: with a2 = 0 (left panel),
a2 = 0.5 (middle panel) and a2 = 1 (right panel), meaning no temperature gradient, a moderate one, and a large
temperature gradient, respectively. Other parameter values taken here are: m = mΛ, ω = 0.1 c/fm, X = 6 fm, Y = 8
fm, Z = 10 fm, X˙ = 0.3, Y˙ = 0.4 and Z˙ = 0.2.
4
4 Summary
We presented new analytic formulas for the polarization of baryons produced in high energy heavy-ion col-
lisions, utilizing several analytic hydrodynamical models. We considered a spherically symmetric self-similar
flow (in which case the polarization is indeed zero, as is expected), and secondly, a relativistic expanding and
rotating hydrodynamical solution. In this latter case one gets simple formulas for the polarization that show a
straightforward connection of this quantity to the vorticity of the flow, however, the results and assumptions
are too simple to be realistic. Finally, we presented some preliminary investigations into the usability of the
Buda–Lund model for calculating the polarization; from this much more complex model, one can expect a re-
alistic description of the experimentally observed polarization as well. We can thus reasonably hope that these
studies have the potential of a better understanding of polarization measurements and their phenomenological
implications on the strongly coupled Quark Gluon Plasma produced in heavy-ion collisions.
Acknowledgments
The author is thankful to Márton I. Nagy and Máté Csanád for the numerous discussions and help given
during the work presented here. The author is grateful to the organizers of the 19th Workshop on Particle
Correlations and Femtoscopy (WPCF 2019) conference. This work was partially supported by the Hungarian
NKIFH grants No. FK-123842 and FK-123959.
References
[1] J. Adam et al. [STAR Collaboration]: Global Λ hyperon polarization in nuclear collisions: evidence for
the most vortical fluid, Nature 2017, 548, 62.
[2] Becattini, F., Chandra; V., Del Zanna; L., Grossi, E.: Relativistic distribution function for particles
with spin at local thermodynamical equilibrium, Ann. Phys. 2013, 338, 32.
[3] Csernai, L.P.; Becattini, F.; Wang, D.J.: Turbulence, Vorticity and Lambda Polarization, J. Phys. Conf.
Ser. 2014, 509, 012054.
[4] Xie, Y.L.; Bleicher, M.; Stöcker, H.; Wang, D.J.; Csernai, L.P.: Λ polarization in peripheral collisions
at moderate relativistic energies, Phys. Rev. C 2016, 94, 054907.
[5] Karpenko, I.; Becattini, F.: Study of Λ polarization in relativistic nuclear collisions at
√
sNN = 7.7 –200
GeV, Eur. Phys. J. C 2017, 77, 213.
[6] Xie, Y.; Wang, D.; Csernai, L.P.: Global Λ polarization in high energy collisions, Phys. Rev. C 2017,
95, 031901.
[7] Boldizsár, B.; Nagy, M. I.; Csanád, M.: Polarized Baryon Production in Heavy Ion Collisions: An
Analytic Hydrodynamical Study, Universe 2019, 5, no. 5, 101.
[8] Csörgő, T.; Csernai, L.P.; Hama, Y.; Kodama, T.: Simple solutions of relativistic hydrodynamics for
systems with ellipsoidal symmetry, Acta Phys. Hung. A 2004, 21, 73.
[9] Nagy, M.I.: New simple explicit solutions of perfect fluid hydrodynamics and phase-space evolution,
Phys. Rev. C 2011, 83, 054901.
[10] Hatta, Y.; Noronha, J.; Xiao, B.W.: Exact analytical solutions of second-order conformal hydrodynam-
ics, Phys. Rev. D 2014, 89, 051702.
[11] Csörgő, T.; Lörstad, B.: Bose-Einstein correlations for three-dimensionally expanding, cylindrically
symmetric, finite systems, Phys. Rev. C 1996, 54, 1390.
[12] Csanád, M.; Csörgő, T.; Lörstad, B.: Buda-Lund hydro model for ellipsoidally symmetric fireballs and
the elliptic flow at RHIC, Nucl. Phys. A 2004, 742, 80.
5
